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Abstract 

Given a positive function / on (0, oo) and a non-zero real parameter 9, we 
consider a function lj(A,B,X) = Tt X* (f (L aR~b )Rb) S (X) in three matrices 
A, B > and X. In the literature 9 = ±1 has been typical. The concept unifies 
various quantum information quantities such as quasi-entropy, monotone metrics, 
etc. We characterize joint convexity /concavity and monotonicity properties of 
the function 7^, thus unifying some known results for various quantum quantities. 
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Introduction 

The Wigner-Yanase- Dyson (WYD) skew information is an old yet new subject having 
a somewhat complicated history since its appearance in the paper [33] in 1963. The 
first fundamental achievements among many things related to the WYD skew informa- 
tion are joint concavity (also joint convexity) results of Lieb [25] (the so-called WYDL 
concavity) and their equivalent formulations of Ando [1] . The WYDL concavity in the 
context of general von Neumann algebras was obtained by Araki [3] in order to prove 
joint convexity of the relative entropy, and was further extended by Kosaki [23] by 
means of interpolation method. The notion of quasi-entropies, extending the relative 



1 E-mail: hiai.fumio@gmail.com 
2 E-mail: pctz@math.bme.hu 



1 



entropy, was introduced in [26, 27], and its monotonicity and joint convexity properties 
were shown there. A quasi-entropy Sf(p\\a) for states p, a with a reference operator 
X is associated with a real function / on (0,oo), and operator monotony (or opera- 
tor convexity) of / is essential in [26, 27] as well as in [23]. Moreover, it was proved 
in [28] that there is a one-to-one correspondence between the monotone metrics (the 
quantum version of the Fisher metric in classical probability) on Riemannian mani- 
folds of positive density matrices and the (symmetric) operator monotone functions on 
(0, oo). A remarkable point here is that the formula of monotone metrics and that of 
quasi-entropies are very similar and indeed they are in dual form (see Subsections 1.2 
and 1.3 below). Quasi-entropies and monotone metrics are among the most important 
quantities in quantum information and quantum information geometry. More recent 
quantum quantities such as the quantum covariance in [29], the metric adjusted skew 
information (generalizing the WYD skew information) in [14, 9] and the quantum % 2 - 
divergence in [32, 15] can be reformulated by quasi-entropies (see Subsection 1.4 and 
[21]). 

In the present paper, in the matrix algebra setting (or in finite-dimensional quantum 
systems) we deal with the three-variable function 

I%A,B,X) := TrX*(f(L A R^)R B ) e (X) 

of positive definite matrices A, B and a general matrix X associated with a function / > 
on (0, oo) and a non-zero real parameter 9, where L A and Rb are the left and the right 
multiplication operators by A, B on matrices. This function unifies all the quantum 
quantities mentioned above with particular choices of 9 (typically 9 = ±1) and of A, B 
(sometimes A = B) as described in Section 1. Indeed, Section 1 may be a concise survey 
on important quantities in quantum information theory started with the WYD skew 
information. In Section 2 we consider various properties concerning joint convexity as 
well as joint concavity of the function If (A, B, X) in three variables (A, B, X) or in two 
variables (A, B). The main theorem (Theorem 2.1) clarifies what conditions of / and 
9 are sufficient and/or necessary for Ij to have those properties. Operator monotony 
of / shows up and also a possible range of 9 is rather restricted. The proof is divided 
into several steps and the results on operator log-convex/concave functions in [2] play 
an essential role in some places. In Section 3 we consider monotonicity properties of 
If and show that they are equivalent to corresponding convexity /concavity properties 
in Section 2. Furthermore, in Sections 3 and 4, (joint) convexity properties of the 
quasi-entropy, the metric adjusted skew information and the quantum x 2 -divergence 
are characterized by operator convexity of the associated function /. In this way, we 
strengthen and unify some known results on convexity/ concavity and monotonicity of 
several quantum quantities into characterization (or if and only if) theorems. 
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1 Definitions and preliminaries 



For each n £ N, the nxn complex algebra is denoted by M n , the set of n x n Hermitian 
matrices by H n , the set ofnxn positive semidefinite matrices by M+, and the set of 
nxn positive definite matrices by P n . The usual trace on M n is denoted by Tr . A 
density matrix is a matrix p £ M+ with Tr p = 1 . We write T> n for the set of n x n 
positive definite density matrices, i.e., T> n := {p £ P n : Tr p = 1}. We always consider 
M n as a Hilbert space with the HUbert- Schmidt inner product (X, F)hs := TrX*F, 
X, Y £ M„. For any A £ the left and the right multiplications La and Ra are 
defined as LaX := AX and RaX := XA for X £ M„, which are commuting positive 
operators on the Hilbert space (M n , (•, -)hs)- 

For any real function / on (0, oo) and for every A, B £ P n define a linear operator 
J AB on M n by J AB := f(LAR B 1 )RB via functional calculus; more explicitly, 

k I 

J f A>B (X) = f(L A R- B l )R B X = J2Y1 fi^WjPiXQj, X £ M n , 

i=i j=i 

where A = Yli=i a iPi an d B = J^=i PjQj are ^ e spectral decompositions of A and B. 
In particular, J AA is denoted by J A for short. Throughout the paper, unless otherwise 
stated, / is assumed to be strictly positive, i.e., f(x) > for all x £ (0, oo). Then 
it is immediate to see that J AB is positive and invertible on (M„, (-,-)hs) for every 
A, B £ P re . For an arbitrary real number 9 one can define a three- variable function 
lf(A,B,X) on P„xP„x M n by 

lj(A,B,X) := (X,(J f AB )- e (X)) m , A,B <E P n , X £ M n . (1.1) 

With the spectral decompositions of A, B as above, I%A, B, X) is more explicitly 
written as 

k i 

I e f (A,B,X) =^2^2(f{a i ^)p j )-«TrX*P i XQ j . (1.2) 

i=\ j=l 

When 9 = 0, I%A, B, X) is reduced to the function (X, X)hs that is independent of 
A, B, so we shall always assume that 9 is non-zero. 

Our aim of the present paper is to clarify or characterize when the three-variable 
function If (A, B, X) is jointly convex or concave in three variables (A, B, X) or in two 
variables (A, B). Convexity/ concavity properties of this function have been considered 
by several authors in its special cases from different viewpoints. Important special 
cases are briefly surveyed in the rest of this section, which motivated (also justify) our 
consideration of the function I e f with parameter 9. 
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1.1 WYD skew information and WYDL concavity 

The famous Wigner-Yanase-Dyson (WYD) skew information introduced in [33] is 

for p G X> n , X G H n and p G (0, 1), where [X, Y] := XY - YX, the commutator. In 
his celebrated paper [25] Lieb proved that 

(A, B) G M+ x M+ i — ► TrX*A p XB q (1.3) 

is jointly concave for any X G M n when p, q > and p + q < 1. He also proved joint 
convexity of Tr X*A p XB q in three variables (A, B, X) when p, q < and p + q > — 1, 
and that in two variables (A, 5) when — 1 < p, q < 0. Since 

i™(p, if) = Tr pK 2 - Tr Kp p Kp 1 ~ p , 

Lieb's concavity settled the convexity question of p h-> lJ rYD (p, K), so it is also called 
the WYDL concavity. For power functions /(#) := x a on (0, oo) with a£l, one has 

I e f {A,B,X) = TrX*A- ad XB- (1 - a)e . 

For any p, q G M with p + g / there are unique a, G K such that — a6 = p 
and —(1 — a)9 = q, so the function ij covers trace functions in (1.3). On the other 
hand, in [1] Ando deterimined the range of real parameters p, q for which the map 
(A, B) G P n xP n i— >■ A p ®B q is jointly concave (respectively, jointly convex) with respect 
to the positive semidefmiteness order. As is well known (see [7, Proof of 4.3.3], [8, 
Remark 2.6]) that Ando's convexity/ concavity is equivalent to Lieb's, that is, convexity 
and concavity of (A, B) ^ TiX*A p XB q are equivalent to those of (A, B) ^ A p ® B q , 
respectively. 

The WYDL concavity was extended by Araki [3] to the general von Neumann algebra 
setting to show joint convexity of the relative entropy, and was further extended by 
Kosaki [23] based on interpolation theory. Indeed, Kosaki [23] proved joint concavity 
of 

(<p, V) e M+ x Mt « v „ /(A^)Or^)) (1.4) 

for every x G M and for every operator monotone function / > on [0, oo), where 
is the set of normal positive linear functionals on a von Neumann algebra M, £^ is the 
vector representative of ip in the standard representation of M, and is the relative 
modular operator for if, if) ([3, 4]). In the matrix algebra setting with tp = Tr (A •) and 
ip = Tr (B ■) on M = M n where A,Be P n , one has ^ = L^R^ 1 and the function in 
(1.4) reduces to 

Ij\A,B,X) = {XBy\f{L A R- B l )XB^) ns . (1.5) 
which is further reduced to Tr X*A a XB 1 ~ a when f(x) = x a . 
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1.2 Quasi-entropy 

Quasi-entropies introduced in [26, 27] are given by (1.5) in matrix algebras (and by 
(1.4) in von Neumann algebras). Thus, the quasi-entropy Sf(A\\B) for A, B G P n 
and X G M n is nothing but lj(A, B, X) with 9 — — 1 while the assumption / > is 
irrelevant in the definition of Sf(A\\B). This quantity is a generalization of the relative 
entropy 

S(A\\B) := TiA(\ogA-\ogB). 

Indeed, S'(AIIS) = Sf(A\\B) when f(x) = xlogx and X = I n , the n x n identity 
matrix. Monotonicity and joint convexity properties of S^(A,B) were proved in [26, 
27]. The convexity result in [26] tells that (A, B) G P n x P n ^ Sf(A\\B) is jointly 
convex for every X G M n if / is an operator convex function on (0, oo). 

1.3 Monotone metrics 

The set P n is an open subset of H n that is identified with the n 2 - dimensional Euclidean 
space. Hence P n naturally has a smooth Riemannian manifold structure so that the 
tangent space at any foot point is identified with H n . When / is an operator monotone 
function on (0, oo), the associated monotone metric on P n is given by 

t{(H, K) := (H, (J f A )-\K)) ns , A G P n , H, K G H n . (1.6) 

Such monotone metrics on the manifold P n (or rather restricted on the submanifold T> n ) 
were characterized in [28] in terms of monotonicity under stochastic maps, i.e., com- 
pletely positive trace-preserving maps. A monotone metric is also called a quantum 
Fisher information since it is a quantum generalization of the classical Fisher informa- 
tion. Expression (1.6) makes sense for all X, Y G M n in place of H, K G H n so that 
7^(X, X) is If (A, A, X) with 9 — 1. We put the minus sign of —9 in definition (1.1) to 
adjust the parameter to the expression of monotone metrics. In [19, 20] we discussed 
Riemannian metrics which are written as {H, (J^)~ e (K)) for AgP„ (foot point) and 
H,K G H n (tangent vectors) when M(x,y) := f(xy~ l )y, x,y > 0, is a symmetric 
homogeneous mean. For K = H this metric is written in the form if {A, A, H). 

1.4 Quantum skew information and quantum x 2 -divergence 

It was observed in [30] (also [9, 5]) that lJ /YD (p, K), < p < 1, are expressed, apart 
from a constant factor, in terms of monotone metrics as 

where f p is an operator monotone function on (0, oo) defined by 
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This observation was extended in [9] to the paremeter range — 1 < p < 2. Furthermore, 
the WYD skew information was recently generalized by Hansen [14] as follows: Let / be 
an operator monotone function on (0, oo) such that / is symmetric (i.e., f(x) = f(x _1 )x 
for all x > 0) with f(l) = 1 and is regular in the sense that /(0) (:= \im x \ Q f(x)) > 0. 
The metric adjusted skew information associated with / is then defined to be 

//(K):=^(z[p,^],(j/)^(z[p,i,])) H s, pev n , KeU n , (1.7) 

which is written as lf(p,p,i[p,K]) with 9 = 1 multiplied by a constant /(0)/2. More- 
over, when /(0) =0 (non-regular), the unbounded (metric adjusted) skew information 
was defined in [9] by removing the constant factor /(0)/2 in (1.7). It was proved in 
[9, 14] that Ip(K) and its unbounded version are convex in p for any fixed K G H n . 
The quantum \ 2 -divergence recently introduced in [32] is given by 

X 2 f (p,o-) := (p-a,{Jly\p-a)) m , P ,aeV n , (1.8) 

associated with an operator monotone function / > on (0, oo). Since 

X 2 f (p,a) = (p,(4r\p)} m -1, 

one can rewrite 

Xf{p, cr) = 1} (a, a,p-a) = ~f f a {p, p) - 1. 

Joint convexity of (p, cr) \-> X/G°> °) was proved in [32] in a special case and generalized 
in [15] to a general operator monotone function /. 

2 Convexity /concavity of Ij(A,B,X) 

We begin with enumerating convexity and concavity properties of the function Ij as- 
sociated with a function / > on (0, oo) and a non-zero real number 0: 

(i) (A, B, X) e F n x P„ x M n lj(A, B, X) is jointly convex for every n e N, 

(ii) (A, B)eP„xF n 4 log If (A, B, X) is jointly convex for any fixed X G M„ and 
for every n6N, 

(iii) 6 > 0, and (A, B) G P n x P n h-)- lf(A,B,X) is jointly convex for any fixed 
X G M n and for every nGl, 

(iv) (A, B) G P„ x P„ h> J^(A, B, X) is jointly convex for any fixed X G M n and for 
every n G N, 

(v) (A- 8 ) ^ P n x P n h-> 7^ e (yl, 5,X) is jointly concave for any fixed X G M n and 
for every nGN, 
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(vi) (A,B) G P n x P n h-). log Ij e (A, B , X) is jointly concave for any fixed X e M n 
and for every n G N. 

For each of the above properties we also consider the property reduced to A = B = 
p G V n , that is, 

(f) (p, X) G T> n x M n i — ^ Ij(p,p,X) is jointly convex for every n G N, 

(if) p G X> n i — y log ij(p, p, X) is convex for any fixed X G M n and for every nfN, 

and similarly for (iii')-(vi'). 

When the Riemannian manifold T> n is concerned, the tangent space at each p G T> n 
is H° := {if G H n : Tr ii = 0}, and i/(p, p, ii), -H" G H^, is considered as a Riemannian 
metric on £> n (see Section 1.3). So, when restricted to A = B = p G I^, it is natural 
to further restrict X G M n to X = H G H°. We thus consider the following properties 
as well: 

(i") (p, H) G V n x H° i— >• ij(p, p, ii) is jointly convex for every n G N, 

(ii") p G X^ n i — y log ij(p, p, H) is convex for any fixed H G EI° and for every n G N, 

and similarly for (iii")-(vi"). 

Finally, we present the following intrinsic conditions for / and 9: 

(vii) / is operator monotone on (0, oo) and 6 G (0, 1], 

(viii) / is operator monotone on (0, oo) and 9 G (0, 2}. 
Define the (—8) -power symmetrization of / by 



The next theorem is our main result in this section. Note that implication (vii) ^> 
(i) was proved in [21] and (i) <^ (i') <^ (vii) for fixed 6 = 1 was also shown there. 

Theorem 2.1. Concerning the above properties the following implications hold: 

(a) Each o/(i)-(vi) is equivalent to the corresponding condition with prime. 

(b) Each of (i) -(vi) for f-e, S ym in place of f is equivalent to the corresponding con- 
dition with double prime for f. Consequently, if f is symmetric, i.e., f(x) = 
f(x~ l )x for all x > 0, then each of (i)-(vi) is equivalent to the corresponding 
condition with double prime. 




where f(x) := xf{x x ), x > 0. (2.1) 



When 9 



1, this is the usal symmetrization (f(x) + f(x))/2. 
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(c) (vii) <^> (i) =>- (ii) (iii) (viii) . 

(d) (vii) <^> (v) =>• (vi) =>• (viii). 
(iv) ^9e [-2,-1] U (0,2]. 



in 



Proof of (a) . The proof is an easy application of the 2x2 block matrix trick. For each 
A B G F„ set 

\A 0' 
B 



A :-- 



For any X 



Xn X\2 

X21 X22 



GF 2n . 
n Cg> M 2 ), since 



L A X = AX 



AX n AX 12 
BX21 BX22 



one can write 



R A X = XA 



X\iA X12B 
X21A X22B 



L A = L A ® L A ® L B ® L B , R a = R a ® R b ® Ra® Rb 

under the identification of the Hilbert space (M 2n , (•, -)hs) with the direct sum IV 
M n ® M n ® M n via the isomorphism X i->> X u ® X l2 ® X 21 ® X 22 - We thus have 

J B A ® 



J A — Ja® Ja,b 



' B 



(2.2) 



so that 



FA A, A, 



X 




X 




'Ar e 



X 




HS 



If(A,B,X), 



from which each of (i)-(vi) is equivalent to the corresponding condition reduced to 
A = B G P„. It remains to show that the latter condition is also equivalent to the 
condition further reduced to A = B G T> n . Since lf(cA, cA, X) = c~ e If(A,A,X) for 
A G P n ,, X G M„ and c > 0, the condition in question is equivalent to that with 
restriction Tr A < 1. For such A G P n and X G M n one has A,X) = I e f (p,p,X) 

by letting p := A ® (1 - Tr A) G X> n+ i and X := X © G M n+i . This immediately 
implies the conclusion. □ 



Proof of (b). Set g := f-e, S ym for brevity. Since g" 

_fi> (Ja,b) 6 + (Ja,b) 



(J: 



A,B) 



(f~° + 7 _e )/2, it is obvious that 
A,BeF n . (2.3) 



Moreover, taking the spectral decompositions A = Yli=i a iBi an d B = Y2j=i PjQj> f° r 
every X G M n we have by (1.2) 

k I 

I e f (A,B,X) ='£Yl(f( a il 3 i 1 )b)~ 9TrX * p iXQ3 
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k I 

= J2J2Wi a i la ^ 6TlX Qi X * P t = If(B,A,X*). (2.4) 
i=i j=i 

In particular, when A = B and X = H G H n , we have 

7j(A A if) = lj(A, A, H) = I e g (A, A, H) (2.5) 
thanks to (2.3). For every p G T> n and X G M n set 



1 

^=2 



P 
p 



G Pan, H :-- 



X 

X* 



G H° 



2r! ■ 



Since (Jp/ 2 ) 9 = 2 e («/p) 9 and (7 is symmetric (i.e., g = g), it follows from (2.2) and 
(2.4) (for g) that 

I e g (p,p,H) = 2 e {I e g (p, P ,X) + I°(p,p,X*)} = 2 e+1 I d g (p,p,X). 

Furthermore, by (2.3) and (2.4) we have 

~ i 9 f (prp,H) + i 9 Ap,p,H) 

I 9 (p, P, H) = -i ^ = Ij(p, p, H). 

Therefore, 

I e f (p,p,H) = 2 e+1 I e g (p,p,X). (2.6) 

From (2.5) and (2.6) together with (a) one can see that each of (i)-(vi) for g is equivalent 
to the corresponding with double prime for /. The latter assertion of (b) is immediate 
since g = f for symmetric /. □ 

The part (c)-(e) is the main assertion of the theorem. The proof is based on [2, 
Theorems 3.1 and 3.7], so we first state necessary parts from them as a lemma for the 
convenience of the reader. Let "H be an infinite-dimensional separable Hilbert space 
with inner product (■,■), and B(T-L) ++ be the set of all positive and invertible bounded 
operators on "H. Let / > be a continuous function on (0, 00), and f(A) be defined 
for A G B(l-L) ++ via functional calculus as usual. (A function / > on (0, 00) is 
inevitably continuous if it satisfies any of the conditions listed before Theorem 2.1, so 
the continuity assumption for / here is harmless.) 

Lemma 2.2. In the above situation the following conditions (al)-(a4) are equivalent: 
(al) / is operator monotone decreasing on (0, 00); 
(a2) G B(H) ++ x U 1-+ (£, f(A)£) is jointly convex; 

(a3) A G B{%) ++ H- log(£, f(A)£) is convex for every £ G %; 
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(a4) / is operator convex on (0, oo) and the numerical function f(x) is non-increasing 
on (0, oo) . 

Also, the following conditions (bl) and (b2) are equivalent: 
(bl) / is operator monotone (or equivalently, operator concave) on (0,oo); 
(b2) A G B(H) ++ i — y log(£, f(A)£) is concave for every £ G %. 

Note that log-convexity is stronger than convexity for positive functions while log- 
concavity is weaker than concavity. The log-convexity condition (a3) characterizes 
operator monotone decreasingness of / that is a stronger version of operator convexity. 
On the other hand, the log-concavity condition (b2) is equivalent to operator concavity 
of /. It is well known [6, V.2.5] that operator monotony and operator concavity are 
equivalent for a continuous non- negative function on (0, oo). 

To make the proof of the theorem more tractable, we next present a few more 
lemmas that are some technical ingredients of the proof of the part (c)-(e). 

Lemma 2.3. Let f be as above, and assume that (A, £) G P n x C n H- (£,f(A)£) is 
jointly convex for every n G N, where (■,■) is the usual inner product on C n . Then 
(AO e B(H) ++ x U M- (£, f(A)£) is jointly convex. 

Proof. The proof is standard by using a familiar convergence argument. Let {ei} c *L 1 be 
an orthonormal basis of % (in Lemma 2.2). For each n G N let P n be the orthogonal 
projection onto the linear span of {e 1; . . . , e n }, and I be the identity operator on %. 
By assumption we see that 

(A,0 G B{U) ++ xU^ (P n £,P n f(P n AP n )P n 

is jointly convex, where f(P n AP n ) is the functional calculus as an operator on P n T-L 
(= C n ). Since 

PJ(P n AP n )P n = P n f(P n AP n + P n ))P n 

converges to f(A) in the strong operator topology, it follows that (P n £, Pnf(PnAP n )P n ^) 
converges to (£, f(A)£) as n — > oo. Hence the conclusion follows. □ 

Lemma 2.4. Let f be as above. Assume that both f(x) e and (f(x~ 1 )x) e are operator 
monotone on (0, oo) for some 9 G K\ {0}. Then < 9 < 2 and f is operator monotone 
on (0, oo), i.e., condition (viii) holds. 

Proof. Let g(x) := f(x) and so (f{x~ 1 )x) e = g(x~ 1 )x e for x > 0. Since g(x) and 
g(x~ l )x e are operator monotone on (0, oo) and so they are non-decreasing and concave 
functions on (0, oo), there are 5 > and a,b,c,d > such that ax < g{x) < b for all 
x G (0,(5) and c < g(x~ 1 )x e < dx for all x G (5~ 1 ,oo). The latter restriction yields 
that cx e < g(x) < dx 9 ' 1 for all x G {0,5). Combining this with the former, we have 
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cx 9 < b and ax < dx 9 ' 1 for x G (0, 5), which implies that 9 > and 1 > 9 — 1 so that 
< 9 < 2 since # 7^ by assumption. 

To prove the operator monotony of /, we may assume that / is not a constant 
function. Due to Lowner's theorem (see [6, V.4.7], [17, Theorem 2.7.7]), the functions 
g(x) on (0,oo) is analytically continued to a Pick function g(z) on C + U C~, where 
C+(C-) := {z G C : Imz > (< 0)}, so that g(C+) C C+ and g(C~) C C~. Then 
g{x~ 1 )x 9 can be analytically continued to gi^z'^z 9 for z G C + UC _ , where z 9 is defined 
with the usual branch. By assumption, gi^z'^z 9 must be a Pick function again. Now 
let z = r~ l e lT ' G C + with r > and < n < it. Since 

g{re~ iri ) ■ r~ 9 e i9r] = g{z~ x )z 6 G C+ 

and 



g[re zv ) = g(r 2 z) = g(r 2 z) = g(re lT1 ) 



we have g{re iri )e l9ri G C + . Noting that the argument of g{re %r] }e %9r> changes continuously 
as 77 changes in (0, it), we obtain 9rj — &igg(re tv ) > so that, thanks to 9 > 0, 

ar g gij-Q 1 ^) 1 / 6 = — sagg(re ir ') < t] 

for all 7) G (0,7r). This shows that f(x) = g(x) 1 ^ 9 is analytically continued to a Pick 
function g(z) 1 ^ 9 . Hence / is operator monotone by Lowner's theorem. □ 

Lemma 2.5. Let g be an operator convex function on (0, 00) such that g(x) > for all 
x > and g is not identically zero. When g(+0) := lim^o g(x) = 0, there are 5 > 
and a, b, c, d > such that 

ax 2 < g(x) < bx if0<x<5, 
cx < g(x) < dx 2 if 8~ l < x < 00. 

When g(+0) G (0, 00], there are 5 > and a,b,c,d > such that 

a < g(x) < bx' 1 if0<x<5, 
cx' 1 < g(x) < dx 2 if 5' 1 < x < 00. 

Proof. Assume that g(+0) = 0. Then g'(+0) := \im x \ i0 g(x)/x exists in [0, 00). Hence 
g admits the integral expression 

g(x) = (3x + 7 x 2 + / g2 ( 1 + A ) d/Jl (x), x>0, (2.7) 
J (0,00) x + X 

where (3 = g'(+0) > 0, 7 > and fi is a finite positive measure on (0, 00) (see [6, 
V.5.5]). By the monotone convergence and the Lebesgue convergence theorems, we 
notice that 



lim f — ^—-dfi(\)= f — dfi(X), 

x \° J (0,oo) X + A 7(0,00) A 
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lim [ x(1+ x A) ^(A)=0, 

-\%,oo) ^ + A 



x— >oo 



(0,oo) 

r 

(0.00) x -r a J (0,00) 

f 

(0,00) 



x(1 + A ) dfi(X) = , (l + AWA), 
x + A 



lim / — ^— - dfj,(X) = 0, 



which yield that 



Km ?& = I3- (+00) + 7 + f ^ ^(A), (2.8) 
lim ^ = /?, 

lim ^ = /3 + 7 .(+oo)+ / (l + A)d/x(A), (2.9) 

z^ 00 X 7(0,00) 

lim — — = 7. 

s-co x 

Note that each of (2.8) and (2.9) is strictly positive; otherwise, j3 = 7 = and fi is 
a zero measure so that g is identically zero, contradicting assumption. Now, the first 
assertion of the lemma follows immediately. 

Next, assume that g(+0) G (0, 00]. We use other types of integral representations 
for operator convex functions. The function g(x + 1) restricted on (—1, 1) admits the 
expression 

f x 2 

g(x + 1) = a + f3x + / — dfi(X), x E (— 1,1), 

J 1 - Ax 

with a, (3 G M and fi is a finite positive measure on [—1, 1] (see [6, V.4.6]). So we write 

g(x) = a + P(x-l)+ [ \ X ~^ dfi(\), x G (0, 2). 

J[-i,i] 1 + A(l -x) 



Therefore, 



limxfif(x) = /i({-l}). 

x\0 



which implies that a < g{x) < bx~ l for some a, b > and for all sufficiently small 
x > 0. Finally, we examine the order of g as x — >■ 00. Assume that g is non- increasing 
on (0, 00). By (a4) =>- (al) of Lemma 2.2, g is operator monotone decreasing on (0, 00). 
Hence, as shown in [13] (also see the proof of [2, Theorem 3.1]), we have the expression 

f 1 + A 

g(x)=a+ — —dfi(X), x > 0, 

J [0,00) X + A 
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where a > and \i is a finite positive measure on [0, oo). Since 



lim xg(x) 



a 



+00 + 



A) dfj,(\) 



[0,00) 



is strictly positive, we have ex -1 < g(x) < d for some c, d > and for all sufficiently 
large x > 0. Next, assume that g is not entirely non-increasing on (0, 00), so there 
is a k 6 (0,oo) such that g'{n) > 0. Then g(x + k) — g(n) on (0, 00) admits the 
same expression as (2.7). Now, as in the proof when g{+0) = 0, one can show that 
cx < g(x) < dx 2 for some c, d > and for all x > large enough. Hence the second 
assertion of the lemma has been shown. □ 

Proof of (c). (vii) =>- (i) was proved in [21, Theorem 7] based on joint concavity of 
operator means [24] (note that J^ A B is the operator obtained by applying the operator 
mean associated with an operator monotone function / to Rb and La)- 

(i) => (vii). Let n e N be arbitrary. For each f e C n let X c := [£0 • ■ ■ 0] e M n , 



i.e., the first column of X% is £ and all other entries of X are zero. When B 
X = Xj:, we have 



/„ and 



(2.10) 



F f (A,I n ,Xt) = (XtJ(L A )-°(Xs)) ns = (Xt,f(A)-°Xt)BB = (t,f(A)-°t). 

Moreover, when A = I n and X — X|, the transpose of JQ, we have 

I 9 f (I n ,B\Xl) = (Xl(f(R-J)R Bt )- e (Xl)) us = (XlXldfiB-^B)-^ 
= (Xl ((f(B^)By e Xt)% s = fa (/(fi- 1 )5)- e X € ) HS 

= (^(f(B- 1 )By e o. (2.11) 

Hence (i) implies that (£, and (£, (/(A" 1 )^)^ 5 ^) are jointly convex in (A,£) G 

x 



++ 



P„ x C n for every n e N, so by Lemma 2.3 they are jointly convex in (A, £) G B(H) 
TL in the situation of Lemma 2.2. Then by (a2) =>■ (al) of Lemma 2.2, both f(x)~ and 
(/(x~ 1 )x)~ 61 are operator monotone decreasing on (0, 00), so both f(x) 9 and (f(x~ 1 )x) d 
are operator monotone on (0, 00). Hence Lemma 2.4 implies that (viii) holds. 
Now, it remains to prove that 8 < 1. To do so, define the function 



(p(x, y, z) := n 1 lf(xl nj yl n , zl n ) = <f>(x t y) 9 z 2 , x,y,z>0, 
where <p(x,y) := f{xy~ l )y, and compute the Hessian of </? as follows: 



det 



z 2 {9(6 + l) 
z 2 {6(6 + l)4 



Jxy 



} Z 2 {#(# + 1) 



} 



29 2 z 



2 4 1 -39-4 



det 



J xYy 



tyxy 



-29z(p 
)4>x<t>y 

m 2 . - 



V,/ 



-29z<f>- 
-2Bz(f- 
2<f>- 
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26* z 



2 4 i -39-4 



29 z z 



2^4 i -36»-3 



det 



det 



5 1 y 



'xy 

h 



■Pxy -{9-l)<j> x 

j)yy -(6-l)(f)y 

h i 
■{e-i)<f> x 

iO~l)4>y 



= 2e" z ^ 3 {(e-iM<p 

We further compute 



HI) 



+ 



xx^Vyy 



<&)}■ (2-12) 



<t>x{x,y) = /'(xy" 1 ), 

(/>xx(x,y) = f"(xy~ l )y- 1 , 
<p xy (x,y) = - f \xy- l )xy- 2 , 
^ yy (x,y) = fixy- 1 )^' 3 ). 



(2-13) 



Insert these formulas when y = 1 into (2.12) to obtain the Hessian of <p at (x, 1, 1) as 

29 2 (9 -l)f(x)- 3e - 1 f"(x), 

which should be non-negative for any x > 0. Suppose that 9 > 1; then it must follow 
that f"{x) > 0, so / is convex. Moreover, f(x) e is concave since it is operator monotone 
(hence operator concave). Hence / must be a constant function so that {f{x~ 1 )x) e is x e 
up to a multiple constant. This means that x 6 is operator monotone, which contradicts 
9 > 1. So we have 9 < 1. 

(i) =>• (iii) is obvious since (i) implies (vii) as shown above. 

(ii) =>• (iii). Since the function 

log If (xl n ,xl n ,l n ) = -9\ogx - 01og/(l) + logn 

is convex in x > 0, we have 9 > 0. Hence (iii) follows because a positive function is 
convex if its logarithm is convex. 

(iii) =>• (ii). This can be proved in the same method adopted in [25] while we sketch 
the proof for the convenience of the reader. Let A±, A 2 , Bi, B 2 G P„ and X G M n be 
arbitrary, and define 

(j){x) : = + x 2 A 2 , XxBx + x 2 B 2 , X) 

for x = (xi,x 2 ) G Q := [0, oo) 2 \ {(0,0)}. The function on Q is convex by (iii), 
and we need to prove that log0 is convex. To do so, we may assume that X ^ 
and hence (j>(x) > for all x G Q. Since \og(p(x) = \im r \ ((j)(x) r _ l)/ r ; h suffices to 
prove that (j)(x) r is convex on Q for any r > 0. For each a > define a convex set 
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G a := {x G Q : 4>{x) < a}; then <f>(x) = inf{a : x G Since 0(Ax) = A e (j)(x) for 

all A > as easily checked, we have G a = oT x l e G\. Let 

k(x) : = sup{// > : x G G* M -e} = sup{/x > : fi x G Gi}, x e Q. 

Then is positive and concave on Q, and moreover we have 

k(x) = sup{A" 1/e :xeG x , A > 0} = <j)(x)- 1/9 . 

Therefore, for each r > 0, <f)(x) r = k(x)~ er is convex since Or > 0. 

(ii) (viii). Thanks to (2.10) and (2.11) it follows from (ii) that log(f , f(A)- £) and 
log(£, (f (A" 1 ) A)~ e !;) are convex in A G P n for any fixed £ G C n and for every n. Simi- 
larly to the proof of Lemma 2.3, we see that log(£, f(A)~ 6 ^} and log(£, (/(A~ 1 )A)~ 6I £) 
are convex in A G B(H) ++ for every £ G "H in the situation of Lemma 2.2. So, (a3) 
=>- (al) of Lemma 2.2 yields that both f{x)~ e and (f(x~ 1 )x)~ are operator monotone 
decreasing on (0,oo), that is, both f(x) e and (f(x~ 1 )x) e are operator monotone on 
(0, oo). Hence Lemma 2.4 implies that (viii) holds. □ 

Proof of (d). (vii) =>- (v). As mentioned in the proof of [21, Theorem 7] we have joint 
concavity of (A, B) G P„ x P„ h-> j{ B , that is, for every A±, A 2 , Bi,B 2 G P n , 

rf > + J A 2 ,B 2 

2 ' 2 ^ 

Operator monotony and operator concavity of x e on (0, oo) give 

J Ax,Bx + J A 2 ,B 2 \ ^ ( J Ax,Bx) + ( J A 2 ,B 2 ) 



rf I > I -1,-Ql ' ^2,^2 I ^ 

J A1+A2 B-L+B2 I — I ~ I — 

2 > 2 / 

which implies (v). 

(v) =>- (vi) is trivial because the logarithm of a positive concave function is concave. 

(vi) =>■ (viii)- The proof is similar to the above proof of (ii) =>- (viii) of (c). With 
—9 in place of 9 and with "concave" in place of "convex", we see from (vi) that 
\og{iJ(A) e and log(f, (f (A" 1 ) A) e are concave in A G B(U) ++ for every (gU 
Hence by (b2) =>■ (bl) of Lemma 2.2, both f(x) 9 and {f{x~ 1 )x) B are operator monotone 
on (0, 00), so Lemma 2.4 implies (viii). 

(v) =>- (vii)- Since (v) =>- (viii) is already known, it remains to prove that 9 < 1. 
But this is immediately seen because the function 

IJ e (xI n ,xI n ,I n ) = nf(l) 9 x e 

is concave in x > 0. □ 
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Proof of (e) . (iii) (iv) is trivial. Finally, we prove that (iv) implies the restriction 
that 9 e [-2, -1] U (0, 2]. Since the function 

I e f (xI n ,xI n ,I n ) = nf(l)- 9 x- 9 

is convex in x > 0, we have 9 G (— oo, — 1]U(0, oo). When 9 > 0, (iv) is (iii), so 9 e (0, 2] 
follows from (iii) =>■ (viii). Now assume that 9 < 0. We need to prove that 9 > —2. 
Thanks to (2.10) and (2.11) we see from (iv) that both f(x)~ e and [f{x~ 1 )x)~ e are 
operator convex on (0, oo). Let g(x) := f(x)~ 9 and so (f(x~ 1 )x)~ 9 = g(x~ 1 )x _e ' . By 
Lemma 2.5 one can choose 5 > and a, 6, c, d > such that either 

ax 2 < g{x) < bx if < x < 5, 
cx < g{x) < dx 2 if <5 _1 < x < oo, 

a < g(x) < if < x < <5, 

cx -1 < (?(x) < c?x 2 if 5 _1 < x < oo, 

ax 2 < (?(x~ 1 )x~ 6 ' < bx if < x < 5, 
cx < g{x~ 1 )x~ e < dx 2 if 5 _1 < x < oo, 



or 



and also either 



(2.14) 



(2.15) 



(2.16) 



or 



(2.17) 



a < g(x l )x 9 < bx 1 if < x < 5, 
cx -1 < g(x~ 1 )x~ e < dx 2 if S" 1 < x < oo, 

Assume that (2.14) and (2.17) are satisfied. Since (2.17) is rephrased as 

ax~ 9 < g(x) < bx~ 9+1 if 5 _1 < x < oo, 
cx~ 9+l < g(x) < dx~ 9 ~ 2 if < x < 8, 

we have ax~ 9 < dx 2 for 5" 1 < x < oo, which yields that 9 > —2. Similarly, we have 
9 > —2 from (2.15) and (2.16), and also from (2.15) and (2.17). This argument does 
not work when (2.14) and (2.16) are satisfied. So we take a detour to settle this last 
case. Since the function 

n~ x l 6 f {xl m yl n , I n ) = 0(x, y)~ 9 with <f>(x, y) := f(xy~ l )y 

is jointly convex in x, y > 0, the Hessian of <ft(x, y)~ 9 is non-negative so that 



^<r 2e - 4 det 



9 + 1)0 2 - <fxj) xx {9 + l)<t> x <t> v - <p<p xy 

+ l)<Px4>y - 4>4>xy (9 + 1)0 2 - <P4>yy 



> 0. 



From (2.13) with y = 1 we notice that the Hessian of <p(x,y) 9 at (x, 1) is 

-9 2 (9 + l)f(x)- 29 - 1 f"(x), 
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which should be non-negative for all x > 0. Now assume that 9 < — 1; then we have 
f"(x) > for all x > so that / is convex on (0,oo). In the case of (2.14) with 
negative 9, we have /(+0) = and so convexity of / yields that f(x) > ex for some 
e > and for all sufficiently large x. From this and (2.14), e~ e x~ e < dx 2 for large x, 
which yields that 9 > — 2. □ 

It is remarkable that all the convexity /concavity conditions (i)-(vi) except (iv) sit 
between (vii) and (viii), and the difference between the last two is only the range (0, 1] 
or (0,2] of the parameter 9. The equivalence of (i), (v) and (vii) is also remarkable. It 
is worth noting that joint concavity (v) of If {A, B, X) in A, B G P n occurs only when 
9 £ [—2, 0) while stronger version (i) or (ii) of joint convexity does only when 9 G (0, 2]. 

The following two examples show that implications in (c)-(e) of Theorem 2.1 are 
almost best possible results. 

Example 2.6. Let f(x) := y/x on (0, oo). According to [25, Corollary 8.1(2)] the 
function 

log I e f {A, B,X) = logTrX*A- e/2 XB- 9/2 

is jointly convex in (A, B) G P„ x P n for any 9 G (0,2]. Hence (ii) (<=> (iii)) does not 
imply (vii), and the restriction 9 G (0,2] from (ii) is best possible. 

Example 2.7. Let f(x) := x a on (0, oo), where a6l. Recall that the function 

I e f (A,B,X) = TrX*A- ae XB~ {1 - a)e 

is jointly convex in (A, 5)eP n x P„ if and only if (A, B) G P„ x P n ^ A~ af> ® B~^~ a ^ e 
is jointly convex. According to [1, p. 221, Remark (4)] it is easy to see that this joint 
convexity holds if and only if one of the following cases is satisfied: 

• 0<ct<land0<#< mini 1 , ^-}, 

— — — La' 1 — a J ' 

• 1 < a < 2 and -min{^,^-) < 9 < -1, 

• -1 < a < and -minj^-, -M < 9 < -1, 

— — ll-a' —a J — — ' 

where ^ := +oo by convention. In particular, (iv) is satisfied when a = 1/2 and 
9 G (0, 2] or when a = 1 and 9 G [-2, -1]. Hence the restriction 9 G [-2, -1] U (0, 2] 
from (iv) is best possible. Also, note that (viii) does not imply (iv). 

3 Monotonicity of B, X) and convexity of quasi- 
entropy 

A subalgebra of M n means a unital *-subalgebra. Given a subalgebra A of M n we have 
the trace-preserving conditional expectation : M n — > A, which is determined by 

Ti E A (X)Y = Ti XY, X G M n , Y e A. (3.1) 
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For our purpose it is convenient to express E A as an average of unitary conjugations. 
Let A is the commutant of A, i.e., A := {X G M n : XY = YX, Y G A}, and U{A') 
be the set of all unitaries in A. Since U(A) is a compact group, we have the Haar 
probability measure on If (A), which is simply denoted by dU. We then have 



E A (X)= / UXU*dU, X G M n . (3.2) 

JU(A') 

In fact, it is easy to verify that this E A (X) belongs to A and satisfies (3.1). 

For each ni,n 2 eN the n\n 2 x n\n 2 complex matrix algebra M nin2 is considered as 
the tensor product M ni and M n2 , i.e., M nin2 = M ni <S> M n2 . Under this identification 
a linear map Tr 2 : M ni ,„ 2 — > M ni , called the partial trace, is determined by 



Tr 2 (X x <g> X 2 ) = Tr {X 2 )X U X 1 G M ni , X 2 G 



which traces out the second factor. Note that n 2 lr Tr 2 is the trace-preserving conditional 
expectation from M nin2 onto the subalgebra A := M ni <g> I 2 , where I 2 is the identity of 
M n2 . 

Given a function / > on (0, oo) and 9 G 1R. \ {0}, we consider the following 
properties of the function Ij given in (1.1) concerning monotonicity under conditional 
expectations or partial traces: 

(I) for every n£N and any subalgebra A of M n , 

I e f (E A (A),E A (B),E A (X))< I 6 f (A,B,X), A,Be¥ n , X G M n , 

(IV) for every n G N and any subalgebra A of M n , 

I 9 f (E A (A),E A (B),X) <lj(A,B,X), A,B e P„, X G A, 

(V) for every n G N and any subalgebra A of M n , 

IJ e (E A (A),E A (B),X) > Ij\A,B,X), A, Be F n , X G A, 

(V) for every rii,n 2 G N, 

n^f^A^B^X) < I e f {AB,X), A, Be P„ 1?t2 , X e M ni „ 2 , 

(IV) for every rii,n 2 G N, 

n e 2 +1 I e f (Tr 2 A, Tr 2 B, X) < I e f (A, 5, X <g> J 2 ), A,5 e P nin2 , X G M ni , 

(V) for every n 1 ,n 2 G N, 

n\- e Ij e (Ti 2 A, Tr 2 B, X) > IJ e (A, B,X®I 2 ), A, B G P ni „ 2 , X G M ni . 
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Theorem 3.1. Concerning the above properties and those in Section 2 the following 
hold: 

(i) & (i) & (io, (iv) & (iv) & (iv), (v) & (v) & (V). 

Proof. We will prove only the equivalence of (i), (I) and (I') since other statements can 
similarly be proved. 

(i) =^> (I). Thanks to (3.2) this is seen as follows: 
I e f (E A (A),E A (B),E A (X)) 

= If( [ UAU* dU, [ UBU* dU, [ UXU* du) 

\Ju(A') Ju(A') JU(A') J 

< [ I e f (UAU*,UBU*,UXU*)dU = I e f (A,B,X). 

JU(A') 

Here, it is obvious that 1 j (UAU* , UBU* , UXU*) is continuous (hence integrable) in 
U G U(A'). 

(I) =>- (I') is immediate since X i— > x Tr 2 X(g>/ 2 is the conditional expectation from 
M nin2 onto Mi <g> I 2 and 

/J(ri 2 lr Tr 2 A <g> I 2 , n 2 lr Tr 2 B <g> J 2 , n 2 lr Tr 2 X ® I 2 ) = n 6 2 x I?(Tr 2 A, Tr 2 5, Tr 2 X). 



(I') (i). For Ai, A 2 , B x , B 2 e P n and X x , X 2 e M n set 



A :-- 



At 
A 2 



B :-- 



B x 
B 2 



X :-- 



X 1 ' 

x 2 



m 



Since Tr 2 A — A x + A 2 , Tr 2 B — B l + B 2 and Tr 2 X = X x + X 2 , (I') for n 2 = 2 implies 
that 

2 e ~ 1 I e f (A 1 + A 2 , Ex + B 2 , X x + X 2 ) < I°(A, B, X). 
The above left-hand side is 



2/ 



A x + A 2 B x + B 2 X x + X 2 



□ 



while the right-hand side is I 9 f (A x , B u X x ) + lj{A 2 , B 2 , X 2 ). Hence (i) follows. 

The proof of the above (i) (I) is similar to those in [8, 22] where the method of 
representing a partial trace as an average of unitary conjugations was used. 
The next corollary is immediate from Theorems 2.1 and 3.1. 

Corollary 3.2. For every operator monotone function f > on (0, 00) and for every 
6 e (0,1], all the properties (i)-(vi), (I), (IV), (V), (I'), (IV) and (V) hold. 
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When 9 < 0, the function 

lj(A, B, X) = (X, (f(L A R^)R B )- e X} m , A,5 6P n ,l6 M n , 

is well defined when / is a real (not necessarily positive) function on (0, oo). In par- 
ticular, when 9 = —1, I J 1 (A, B , X) is the quasi-entropy Sf(A\\B) (see Section 1.2). 

Theorem 3.3. Let f be a real function on (0, oo). Then the following conditions are 
equivalent: 

(cl) (A,B) 6 P„ x P„ 4 Sf(A\\B) is jointly convex for any fixed X G M n and for 
every n G N; 

(c2) for every n G N and any subalgebra A o/M n; 

Sf(E A (A)\\E A (B)) < Sf(A\\B), A,Be P n , X g A; 

(c3) for every n\,n 2 G N, 

Sf(Tr 2 A\\Tr 2 B) < Sf® h (A\\B), A, Be P nin2 , X G M ni ; 

(c4) / is operator convex on (0, oo); 

(c5) f{x~ l )x is operator convex on (0, oo). 

Proof. Conditions (cl), (c2) and (c3) are nothing but (iv), (IV) and (IV), respectively, 
with 9 = —1, whose equivalence is in Theorem 3.1. (c4) =>- (cl) and (c4) ^> (c2) were 
given in [26] (see also [11]). In the proof of Theorem 2.1 (e) we saw that (iv) implies that 
f(x)~ e and (f(x~ 1 )x)~ e are operator convex on (0, oo). In particular, when 9 = — 1, 
this shows that (cl) implies (c4) and (c5). (Note that under 9 = — 1 we did not use the 
positivity assumption for / in this part of the proof and also in the proof of Theorem 
3.1.) Hence we have (c4) =^> (c5), which gives also (c5) (c4). □ 

The equivalence of (c4) and (c5) for a real function / seems new. 

Remark 3.4. Conditions (cl)-(c3) with restriction of A, B to density matrices are 
also equivalent to the conditions in Theorem 3.3. Indeed, write (cl')-(c3') for (cl)- 
(c3) with this restriction. Then (cl) <^ (cl') is (iv) <^ (iv') of Theorem 2.1 (a) with 
9 = —1. It is immediate to check that Theorem 3.1 holds with restriction of A, B to 
density matrices. This means that (cl')-(c3') are equivalent. 

Theorem 3.5. For any real function f on (0, oo) that is not identically zero, Sx(p\\o~) 
is not jointly convex in (p, a, X) G T> n x D n x M„ for some n G N. 
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Proof. Suppose that S^(p\\a) is jointly convex in (p, a, X) £ V n x £>„ x M n for every n. 
By Theorem 2.1 (a) (here the positivity assumption for / is irrelevant), so is Sx(A\\B) in 
(A, B, X) £ P n xP„x M n for every n. Then as in the proof of (i) =>■ (vii) of Theorem 
2.1(c), it follows that (£, f(A)£) and (£, f(A^ 1 )A^) are jointly convex in (A, £) £ 
B(H) ++ x Hence by [2, Remark 3.5] both / and f(x~ 1 )x are non-negative and 
operator monotone decreasing. But this is impossible unless / is identically zero. □ 

Remark 3.6. When / is a real function on [0, oo), the definition of the quasi-entropy 
Sf(A\\B) for general A, B £ M+ and X £ M n ([23, 27]) is 

Sf(A\\B) := (XB^JiLARB-^XB 1 / 2 )^ 

where B~ l is defined in the sense of generalized inverse. (Recall that the relative 
modular operator for Tr (A •) and Tr (B •) coincides with LaRb- 1 i n this sense.) Here, 
assume that oj(f) := lim^oo f(x)/x exists in [—00,00]. Then we notice (as in [18, 
Proposition 2.2] in the case X = I) that 

\imSf(A\\B + eI) = Sf(A\\B)+u;(f)TrX*AX(I-B ), (3.3) 

where B° means the support projection of B. We write S^(A\\B) for the above identical 
expressions. Obviously, Sf(A\\B) = Sf(A\\B) if B £ P n , Now we show that if / is 
an operator convex function on [0, 00), then Sjf(A\\B) is jointly convex in (A,B) £ 
x for every X £ M n . Indeed, it is clear that 00(f) exists in (—00, 00] for convex 
/. From definition in the left-hand side of (3.3), it suffices to prove the joint convexity 
on x P n . But this is immediate from the joint convexity on F n x P n (Theorem 3.3) 
and the continuity of A £ M+ 1— > Sf(A\\B) with fixed B £ P„. Furthermore, it is easy 
to see that 

(A, B) £ M+ x M+ Tr X*AX(I - B°) 

is jointly convex. Thus, when / is a non-negative opreator monotone function on [0, 00) 
(hence —/is operator convex), we notice that 

Sf(A\\B) = Sf(A\\B) - co(f)TrX*AX(I - Q) 

is jointly concave in (A,B) £ x M*. This is the joint concavity results in [23, 26] 
though restricted to matrices. The above argument also clarifies why the assumption of 
B £ P n is essential for the joint convexity result in [27, 18] when / is operator convex. 
In this way, joint convexity of Sjf(A\\B) covers all the known joint concavity /convexity 
results for Sf(A\\B) in [23, 26, 27] (also [18] where Sf(A\\B) with X = I was denoted 
by S f (A\\B)). 
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4 Convexity of skew information and quantum % 2 - 
divergence 

Given a general function / > on (0, oo) we define the (unbounded version of) f-skew 
information 

X{{X) := (i[A ) X] > (Ji)- 1 (i[A,X])) Ha = /}(AAi[AJf]) 

and the quantum f -^-divergence 

X }(A, B) := (A - B, {J f B )-\A - B)) us = lj(B, B,A — B) 

for each A, B G P n and X G M n . When A = p, B = a with p, a G £>„ and / is an 
operator monotone function, X P (X) is the unbounded version of the metric adjusted 
skew information (1.7) and X/(p, c) is the quantum x 2 -divergence (1.8). 

We define the harmonic symmetrization f sym of / to be /-i )Sym given in (2.1) with 
9 = 1, i.e., (— l)-power symmetrization of /. In this section we show the next theorem, 
which extend convexity results in [14, 9, 32, 15] (see Section 1.4) into a combined 
characterization theorem. 

Theorem 4.1. Let f > be a function on (0, oo). Then the following conditions are 
equivalent: 

(dl) A G P n H- T^ A (K) is convex for any fixed K G EI n and for every n G N; 

(d2) p G V n \-> Zp(K) is convex for any fixed K G PJ n and for every n G N; 

(d3) (A, B) G P„ x P n 4 Xf{A, B) is jointly convex for every n G N; 

(d4) (p, a) G V n x V n H- X/(p ; °~) ^ s jointly convex for every n G N; 

(d5) (x — I) 2 / f sym (x) is operator convex on (0, oo); 

(d6) f sym is operator monotone on (0,oo). 

We first give the following lemma. The equivalence between (1) and (4) will be used 
in the proof of the theorem. Other conditions (2) and (3) are stated for the convenience 
of the proof and also for the completeness of statements. 

Lemma 4.2. Let f > be a function on (0, oo). Then the following conditions are 
equivalent: 

(1) / is operator monotone on (0,oo); 

(2) (x — l)/f(x) is operator monotone on (0,oo); 
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(3) (x — l)f(x) is operator convex on (0, oo); 

(4) (as — l) 2 /f(x) is operator convex on (0, oo). 

Proof. (1) =>- (2). Lowner's theorem tells that / is analytically continued to a Pick 
function f(z) defined on C + , so f(z) maps C + into C + U M and moreover arg/(z) < 
argz (here argument is taken in [0, 7r)) for every z G C + . (The last fact on arg/(z) 
might not be familiar but it is easily verified by using the integral representation of 
/.) Then g(z) := (z — l)/f(z) is well defined as an analytic function on C + . (If / is 
a constant a > 0, then f(z) is a constant a. If / is not constant, then f(C + ) C C + 
so that f(z) is not zero for any z G C + .) When z = re tr> with r > and 77 G (0, 7r), 
we notice that z — 1 = r\e %r>x with t\ > and 77 < r/i < ir, and that /(z) = T^e 1 ^ 2 with 
r 2 > and < 772 < 77. Therefore, 



Imo(.) = ^ZIIMI 

9{) \m\ 2 

and 



Im{(z - l)f(z)} = Im{ne % ■ r 2 e" i?72 } = r x r 2 Ime i(r?1 -' 72) > 0, 

since < rji — 7/2 < tt. Lowner's theorem implies that (7 is operator monotone on (0, 00). 

(2) ^> (1). Assume that ^(as) := (as— l)//(as) is operator monotone on (0, 00). Then 
g(l) = 0, and by [12, Theorem 1.9] there exist a 7 > and a positive measure fi on 
[0, 00) such that 

r 

dfi(X) < +00 



[0,00) 



A) 2 



and 



x — 1 

g (x) = 7(2 - 1) + / t — — -— — -d//(A), xG(0,oo). 
'[0,00) (x + A)(l + A) 



Therefore, we have 



7+/ / , >w, , n dfj,(X) — j+ [ ^4dv{\), 



j [0,00) ( x 

+ A)(1 + A) Jio,oo)X + X 

where v is a finite positive measure on [0, 00) given by du(X) := dfi(X)/(l + A) 2 . The 
above integral expression shows (see [13], [2, Theorem 3.1]) that 1 //(as) is operator 
monotone decreasing on (0, 00), so / is operator monotone on (0, 00). 

(1) <^> (3) and (2) (4) are seen from [31, Lemma 2.1] (also [17, Corollary 2.7.8]). 

□ 

We note that (1) =>- (4) was shown in [9] in a different (and more tractable) method, 
however the above proof has a merit to show the equivalence of (1) and (4). As remarked 
in [9], when /(as) = (as — l) 2 on (0, 00), we have (as — l) 2 / f(x) = 1 but / is not operator 
monotone. Hence the assumption / > cannot be relaxed to / > for (4) =^> (1). 
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Proof of Theorem J^.l. The proof of (dl) (d2) is similar to the last part of the proof 
of Theorem 2.1 (a), and (d5) <^ (d6) follows from Lemma 4.2. To prove that (dl) -v^> 
(d5), define f(x) := and 



h(x) 
so that 



[x 



/(*) 



h(x) := h(x 1 )x, h sym (x) : 



h(x) 



h{x) + h{x) 



{x - l) 2 

py m (x) 



x > 0, 



(4.1) 



As mentioned in [14, 9], for every AeP n and X G M n we notice that 

x{(x) = (x, 4(x)>hs, zjfao = (x, j!po)hs. 

Furthermore, similarly to (2.4) we have 

l f A (X)=l f A (X*) J X G M n , 

so that for every K G EI n , 

2j(J0 = X{{K) = (K, J h A sym K) m = S« ym (A\\A). 
For every A, B G P„ and IgM„ set 



(4.2) 



(4.3) 



(4.4) 



A :-- 



A 
B 



G P> 



2/i • 



K 



X 
X* 



G EL 



2n ■ 



Thanks to (4.4), (2.2) and (2.4) we have 



x 



2(X,JZpX) Ea = 2St m (A\\B) 



(4.5) 



From (4.4) and (4.5) one can see that (dl) holds if and only if condition (cl) of Theorem 
3.3 holds for h sym in place of /. The latter condition is equivalent to (d5) by Theorem 
3.3. 

Now we turn to conditions (d3) and (d4). (d3) =>- (d4) is trivial. Since Xj{A,B) = 
Xf S ym(A, B) for all A, B G P n due to (2.5), (d6) => (d3) follows from (vii) (i) 
of Theorem 2.1 (c). It remains to prove that (d4) (d6). Assume (d4) so that 
(p, a) G V n x V n X/=ym(P) cr ) is jointly convex. Let 01,02 G V n , Hi, H 2 G H° and 
< A < 1. Choose an e > such that cx^ + eifj, 2 = 1,2, are positive definite. Set 
Pi := (Tj + eifj G T> n , % = 1,2. Then we have 

Ifsym (A(T 1 + (1 - A)(X 2 , AO"! + (1 - A)<7 2 , Aifx + (1 - A)# 2 ) 

= e~ 2 xJs ym (Api + (1 - A)p 2 , Ao-x + (1 - A)ct 2 ) 
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< \e 2 xJ S ym(pi,Cri) + (1 - A)^ 2 X/ S ym(p2,C r 2) 
= A/jsym((Tl, (7l, ifl) + (1 - A)/] sym (<7 2 , cr 2 , if 2 ), 

which means that (<r, if) G D n xIHI° H- Jj sym (cr, a, if) is jointly convex, that is, condition 
(i") in Section 2 holds with 8 = 1 for f s y m . Hence (d6) follows by (b) and (c) of Theorem 
2.1. □ 

When (dl) is replaced with the stronger condition that I^(X) is convex in A G P„ 
for any fixed X G M n , we have the next theorem. The proof is similar to (indeed, a 
bit simpler than) that of Theorem 4.1, so we omit it. 

Theorem 4.3. Let f > be a function on (0, oo). Then the following conditions are 
equivalent: 

(dl') A G P n H- X^{X) is convex for any fixed X G M n and for every n G N; 

(d2') p G T> n i — y Tf(X) is convex for any fixed X G M n and for every n G M; 

(d5') (x — l) 2 / f{x) is operator convex on (0, oo); 

(d6') / is operator monotone on (0, oo). 

Although it is obvious from (4.2) that X^{X) is convex in X G M n for any fixed 
A G P re , the function I-[(K) cannot be jointly convex in (p, K) G T> n x H n . 

Theorem 4.4. For any function f > on (0, oo), the function Zjj(K) is not jointly 
convex in (p, K) G T> n x H„ for some n£N. 

Proof. Suppose that I^{K) is jointly convex in (p, K) G T> n x M n for every n G N. Then 
from (4.5) it must follow that S^ sym (p\\a) is jointly convex in (p, a, X) G V n x V n x M n 
for every n G N, where h sym is given in (4.1). However this is impossible by Theorem 
3.5. □ 
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